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In our previous paper [1], we have shown that the Jackiw-Nohl-Rebbi two-instanton generates
a circular loop of magnetic monopole in the four-dimensional Euclidean SU(2) Yang-Mills theory.
On the other hand, it is claimed in [2] that the ’t Hooft two-instanton does not generate magnetic
monopole loop. It seems that two results are inconsistent with each other, since the JNR two-
instanton converges to the ’t Hooft two-instanton in a certain limit. In this paper, we clarify that
two results are compatible with each other by demonstrating how the magnetic monopole loop
generated from the JNR two-instanton deforms in the process of taking the ’t Hooft two-instanton
limit.
PACS numbers:
I. INTRODUCTION
It is believed that the dual superconductivity proposed
in [3–6] is a promising mechanism for quark confinement.
In this mechanism, condensation of magnetic monopoles
causes confinement. For this mechanism to work, there-
fore, it must be shown that magnetic monopoles to be
condensed indeed exist in Yang-Mills theory. In the lat-
tice simulation [8], magnetic monopoles are shown to ex-
ist in the Yang-Mills theory and magnetic monopole cur-
rents form closed loops.
From this point of view, it is interesting to investigate
whether or not magnetic monopoles are generated from
instantons. In fact, Brower, Orginos and Tan (BOT)
[2] have investigated numerically whether or not mag-
netic monopoles are generated from the ’t Hooft in-
stantons. Then they have shown that two magnetic
monopole loops are generated from the ’t Hooft two-
instanton around two poles of the ’t Hooft two-instanton,
while one-instanton does not work for generating mag-
netic monopoles. However, they are localized in the
neighborhood of two poles and hence the generation of
magnetic monopoles is regarded as a lattice artifact, in
other words, the ’t Hooft two-instanton does not generate
magnetic monopole loops in the continuum limit.
In our previous study [1], on the other hand, we have
shown that the Jackiw-Nohl-Rebbi (JNR) two-instanton
[7] generates a circular loop of magnetic monopole. Since
the JNR instanton reduces to the ’t Hooft instanton in a
certain limit which we call the ’t Hooft instanton limit, it
seems that our result is inconsistent with the BOT result.
In this paper, we show that this inconsistency is
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resolved by examining more carefully the behavior of
the magnetic monopole generated from the JNR two-
instanton. First, we specify numerically the magnetic
monopole generated from the JNR two-instanton by a
similar procedure to that described in the previous paper
[1]. Then we investigate how the magnetic monopole be-
haves in taking the ’t Hooft instanton limit. We demon-
strate that a magnetic monopole loop is deformed into
two smaller loops and they eventually shrink to two poles
of the ’t Hooft instanton in the course of taking the ’t
Hooft limit. As a result, we confirm that two results are
compatible with each other.
II. JNR INSTANTON IN ’T HOOFT
INSTANTON LIMIT
The JNR two-instanton configuration is given by
gAJNRµ (x) = 2TAη
A(−)
µν φ
−1
JNR
2∑
r=0
ρ2r (x
ν − bνr )
|x− br|4 , (1)
φJNR :=
2∑
r=0
ρ2r
|x− br|2 . (2)
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2) and three size pa-
rameters ρ0, ρ1, ρ2. The limit of the JNR two-instanton
as |b0| = ρ0 →∞ is just the ’t Hooft two-instanton hav-
ing two poles (b11, b
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2):
gA’t Hooftµ (x) = 2TAη
A(−)
µν φ
−1
’t Hooft
2∑
r=1
ρ2r (x
ν − bνr )
|x− br|4 , (3)
φ’t Hooft := 1 +
2∑
r=1
ρ2r
|x− br|2 . (4)
Thus, the ’t Hooft two-instanton is reproduced from the
JNR two-instanton as the location of the first pole b0 is
sent to infinity keeping the relation |b0| = ρ0.
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FIG. 1: The magnetic monopole current kx,µ generated from the JNR two-instanton in taking the ’t Hooft two-instanton
limit. The parameter (a) R = 0, (b) R = 5, . . . , (h)R = 35 correspond to (a) ρ0 = |b0| = 5, (b) 10, . . . , (h) 40. The grid shows
an instanton charge density Dx on x1-x2 (x3 = x4 = 0) plane. The black line on the base shows the magnetic monopole loop
projected on the x1-x2 plane and the arrow indicates the direction of the monopole current, while colored lines on the base
show the contour plot for the equi-Dx lines. Figures are drawn in units of a.
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FIG. 2: Deformation of the magnetic monopole loop viewed from the positive side of x3. The parameter (a) R = 0, (b) R = 5,
. . . , (h)R = 35 correspond to (a) ρ0 = |b0| = 5, (b) 10, . . . , (h) 40. As the pole position b
µ
0
shifts to the positive direction of x1
with fixed bµ
1
, bµ
2
, the magnetic monopole loop shrinks to fixed poles. The arrow on a loop shows the direction of the monopole
current flowing on the loop.
4III. DEFORMATION OF A MAGNETIC
MONOPOLE LOOP GENERATED FROM THE
JNR TWO-INSTANTON
To investigate how a magnetic monopole loop gener-
ated from the JNR two-instanton behaves in the course
of taking the ’t Hooft two-instanton limit, we set three
pole positions and three size parameters to
ρ0 = 5a+R, ρ1 = ρ2 = 5a, (5)
b0 = (b
1
0, b
2
0, b
3
0, b
4
0) =(5a+R, 0, 0, 0) + ∆, (6)
b1 = (b
1
1, b
2
1, b
3
1, b
4
1) =
(
−5
2
a,
5
√
3
2
a, 0, 0
)
+∆, (7)
b2 = (b
1
2, b
2
2, b
3
2, b
4
2) =
(
−5
2
a,−5
√
3
2
a, 0, 0
)
+∆, (8)
∆ = (0.1a,0.1a, 0.1a, 0.1a) (9)
and calculate magnetic monopole current for various val-
ues of R: R = 0, 5, 10, 15, 20, 25, 30, 35. Here we have
used the same notations as those used in the previous
paper [1], in which the details on the lattice, instanton
discretization and monopole detection are given.
The results are summarized in FIG. 1 and FIG. 2.
These figures show that a circular monopole loop gener-
ated from the JNR two-instanton splits into two smaller
loops as R increases. Eventually, two smaller loops shrink
to two fixed poles in ρ0 = |b0| → ∞ limit. Such be-
havior of the magnetic monopole loop is consistent with
the result for the ’t Hooft two-instanton obtained in [2].
Therefore, our result on the JNR two-instanton [1] does
not contradict with the preceding result on the ’t Hooft
two-instanton [2].
In FIG. 2, the separation of a loop into two smaller
loops occurs between (d) and (e). The evolution from
(d) to (e) seems to be smooth. In order to consider this
issue, the direction of magnetic current is indicated by
the arrow on the loop in Fig.2. The directions of mag-
netic currents of two smaller loops is the same as that of
the original loop, which is consistent with the smooth-
ness of the evolution. However, we cannot verify the
smoothness by giving the value of the functional to be
minimized, since it is difficult to obtain the data at the
instance that a loop was just separated into two smaller
loops.
The deformation of the magnetic monopole loop seen
in FIG. 2 agrees very well with the one shown by S. Kim
and K. Lee analytically in (4+1) dimensional supersym-
metric Yang-Mills theory [9].
IV. CONCLUSION
We have investigated numerically how a magnetic
monopole loop generated from the JNR two-instanton
deforms in the course of taking the ’t Hooft instanton
limit. In this limit, a circular loop splits into two smaller
loops and each loop shrinks to two poles of the ’t Hooft
instanton. This corresponds to the magnetic monopoles
demonstrated by Brower, Orginos and Tan [2] for the ’t
Hooft instanton. As a result, our previous result [1] that
the JNR two-instanton generates a magnetic monopole
loop is compatible with the result [2] that the ’t Hooft
two-instanton does not generate such a loop of magnetic
monopole. Thus, there is no contradiction between two
results.
A natural explanation for the difference between the
two instantons’ monopoles will be possible from the fact
that in the ’t Hooft ansatz the constituents are of same
color orientation, whereas in the JNR ansatz they are
not [7], and apparently the latter is needed to generate a
loop of finite size. We hope to clarify this issue in future
works.
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